
�àã¯¯  "�à £ ".
�¤¥ï æ¨ª«¨ç®áâ¨ (¢ à §ëå ¯à®ï¢«¥¨ïå).

� ¤ ç¨.

�®àæ¨ï 1.

1.1. �¥è¨â¥ á¨áâ¥¬ã ãà ¢¥¨© x1 +
√

x2 = x2 +
√

x3 = . . . = xn +
√

x1 = 2

 ) ¤«ï n = 9;  ) ¤«ï n = 10.

1.2. � ¢ë¯ãª«®¬ ¬®£®ã£®«ì¨ª¥ ¢á¥ ã£«ë à ¢ë. �§¢¥áâ®, çâ® ¢ãâà¨ ¥£® ¥áâì â®çª , ¨§ ª®â®à®©
¢á¥ áâ®à®ë ¢¨¤ë ¯®¤ à ¢ë¬¨ ã£« ¬¨. �®ª ¦¨â¥, çâ® íâ®â ¬®£®ã£®«ì¨ª ¯à ¢¨«ìë©.

1.3. � äãâ¡®«ì®¬ ¯¥à¢¥áâ¢¥ ãç áâ¢ãîâ 20 ª®¬ ¤. �®ª ¦¨â¥, çâ® ¯®á«¥ ¤¢ãå âãà®¢ ¬®¦® ¢ë¡à âì
10 ª®¬ ¤, áà¥¤¨ ª®â®àëå ¥â ¤¢ãå ã¦¥ áë£à ¢è¨å.

1.4. �¬¥îâáï ªà áë¥ ¨ á¨¨¥ ¡ãá¨ª¨. �®áâ ¢«ï¥âáï ®¦¥à¥«ì¥ ¨§ 20 ¡ãá¨®ª. �®  §ë¢ ¥âáï å®-
à®è¨¬, ¥á«¨ ¢ ¥¬ ¥â ¤¢ãå ªà áëå ¡ãá¨®ª, ¬¥¦¤ã ª®â®àë¬¨ à®¢® k − 1 ¡ãá¨®ª. � ª®¥
 ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢® ªà áëå ¡ãá¨®ª ¬®¦¥â ¡ëâì ¢ å®à®è¥¬ ®¦¥à¥«ì¥, ¥á«¨  ) k = 2; ¡)
k = 3; ¢) k = 4; £) k = 5.

1.5. �ãáâì m |  âãà «ì®¥ ç¨á«®, fn | ¯®á«¥¤®¢ â¥«ì®áâì �¨¡® çç¨:
f1 = f2 = 1, fn+1 = fn + fn−1.
 ) �®ª ¦¨â¥, çâ® ¯®á«¥¤®¢ â¥«ì®áâì ®áâ âª®¢ fn ¯à¨ ¤¥«¥¨¨   m ¯¥à¨®¤¨ç .
¡) �®ª ¦¨â¥, çâ®  ©¤¥âáï â ª®© ®¬¥à n, çâ® fn ¤¥«¨âáï   m.

�®àæ¨ï 2.

2.1. � ¯¥à¥á¥ç¥¨¨ ¯ïâ¨ ®âà¥§ª®¢ ¯®«ãç¥  ¯ïâ¨ª®¥ç ï §¢¥§¤ . �¥ ¢¥è¨© ª®âãà á®áâ®¨â ¨§ 10
®âà¥§ª®¢. � áªà á¨¬ íâ¨ 10 ®âà¥§ª®¢ ¯®®ç¥à¥¤® ¢ ªà áë© ¨ á¨¨© æ¢¥â . �®¦¥â «¨ ®ª § âìáï,
çâ® «î¡®© ªà áë© ®âà¥§®ª ¤«¨¥¥ «î¡®£® á¨¥£®?

2.2. �¥áª®¥ç ï ¯®á«¥¤®¢ â¥«ì®áâì æ¨äà 9, 6, 2, 4, . . . áâà®¨âáï ¯® ¯à ¢¨«ã: ª ¦¤ ï á«¥¤ãîé ï
æ¨äà  à ¢  ¯®á«¥¤¥© æ¨äà¥ áã¬¬ë ¯à¥¤ë¤ãé¨å ç¥âëà¥å. �áâà¥â¨âáï «¨ ¢ íâ®© ¯®á«¥¤®¢ -
â¥«ì®áâ¨ ç¥â¢¥àª  ¨¤ãé¨å ¯®¤àï¤ æ¨äà 2, 0, 0, 7?

2.3.* � £à ä¥ ª ¦¤ ï ¢¥àè¨  ¨¬¥¥â áâ¥¯¥ì ¥ ¬¥ìè¥ k ≥ 2. �®ª ¦¨â¥, çâ® ¢ £à ä¥ ¨¬¥¥âáï æ¨ª«
¤«¨ë ¥ ¬¥ìè¥ k + 1.

2.4. �¥è¨â¥ § ¤ çã 1.4 ¤«ï ¯à®¨§¢®«ì®£® ç¨á«  n ¡ãá¨®ª ¢ ®¦¥à¥«ì¥ ¨ «î¡®£® k ≤ [n/2].



�®¬¬¥â à¨¨, ãª § ¨ï ¨ à¥è¥¨ï.

�¤¥ï § æ¨ª«¨¢ ¨ï, æ¨ª«¨ç®áâ¨ â ª ¨«¨ ¨ ç¥ ¯à¨áãâáâ¢ã¥â ¢® ¬®£¨å ®«¨¬¯¨ ¤ëå § ¤ ç å. �
¤ ®© á¥à¨¨ ¯à¥¤áâ ¢«¥ë § ¤ ç¨ à §®®¡à §®© â¥¬ â¨ª¨ ( «£¥¡à , £¥®¬¥âà¨ï, ¤¥«¨¬®áâì, ª®¬¡¨ -
â®à¨ª ), ®¡ê¥¤¨¥ë¥ íâ®© ®¡é¥© ¨¤¥¥©.

1.1.  ) �¥è¥¨¥. � ¬¥â¨¬, çâ® x1 = x2 = . . . = xn = 1 | à¥è¥¨¥. �ãáâì x1 > 1. �§ à ¢¥áâ¢
¯®á«¥¤®¢ â¥«ì® ¯®«ãç ¥¬, çâ® x2 < 1, x3 > 1, . . . , x9 > 1, x1 < 1 | ¯à®â¨¢®à¥ç¨¥. � «®£¨ç®
¯à¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î, ¥á«¨ x1 < 1.
¡) � ¡à®á®ª à¥è¥¨ï. �§ ãá«®¢¨ï ¢ëâ¥ª ¥â, çâ® xi ∈ [0; 2]. �¥âàã¤® ¤®ª § âì, çâ® ¥á«¨ x1 6= 1,
â® à ááâ®ï¨¥ ®â xk ¤® 1 ã¢¥«¨ç¨¢ ¥âáï á à®áâ®¬ k.

1.2. �¥è¥¨¥. �ãáâì A1A2 . . . An | ¬®£®ã£®«ì¨ª, ¨ O | â®çª  ¢ãâà¨ ¥£®. �§ à ¢¥áâ¢ 6 A1A2A3 =
6 A2A3A4 = . . . = 6 AnA1A2 = π(n−2)

n , 6 A1OA2 = 6 A2OA3 = . . . = 6 AnOA1 = 2π
n á«¥¤ã¥â, çâ®

6 OA1A2 = 6 OA2A3 = . . . = 6 OAnA1. �à¥ã£®«ì¨ª¨ OA1A2, OA2A3, . . . , OAnA1 ¯®¤®¡ë, ¯®-
íâ®¬ã OA1/OA2 = k, OA2/OA3 = k, . . . , OAn/OA1 = k. �¥à¥¬®¦¨¢ à ¢¥áâ¢ , ¯®«ãç¨¬ k = 1,
®âªã¤  OA1 = OA2 = . . . = OAn.

1.3. � ¡à®á®ª à¥è¥¨ï. �®áâ ¢¨¬ £à ä áë£à ëå ¨£à. �§ ª ¦¤®© ¢¥àè¨ë ¢ëå®¤¨â ¤¢  à¥¡à ,
¯®íâ®¬ã £à ä ¯à¥¤áâ ¢«ï¥â á®¡®© ®¡ê¥¤¨¥¨¥ ¥¯¥à¥á¥ª îé¨åáï æ¨ª«®¢. �â¨ æ¨ª«ë ç¥â®©
¤«¨ë (æ¨ª« ¥ç¥â®© ¤«¨ë ¥ ¬®¦¥â ¡ëâì áë£à  ¢ ¤¢  âãà ). �§ ª ¦¤®£® æ¨ª«  ¤®áâ â®ç®
¢ë¡à âì ¯®«®¢¨ã ª®¬ ¤, ¥ ¨£à ¢è¨å ¤àã£ á ¤àã£®¬.

1.4. �¬. ®¡é¨© á«ãç © ¢ § ¤ ç¥ 2.4.

1.5. �¥è¥¨¥. �ë¯¨è¥¬ ¯®á«¥¤®¢ â¥«ì®áâì ®áâ âª®¢ ç¨á¥« �¨¡® çç¨ ¯à¨ ¤¥«¥¨¨   m: r1 = 1, r2 =
1, . . .. �¯®àï¤®ç¥ëå ¯ à ®áâ âª®¢ ª®¥ç®¥ ç¨á«®, ¯®íâ®¬ã  ©¤ãâáï ®¬¥à  i 6= j â ª¨¥, çâ®
ri = rj ¨ ri+1 = rj+1. �áâ âª¨ ri ¨ ri+1 ®¤®§ ç® ®¯à¥¤¥«ïîâ ¯®á«¥¤ãîé¨© ¨ ¯à¥¤ë¤ãé¨©
®áâ âª¨, ¯®íâ®¬ã ¯®á«¥¤®¢ â¥«ì®áâì ®áâ âª®¢ ¯¥à¨®¤¨ç  á ¯¥à¨®¤®¬ l = j − i.
�§ ¯¥à¨®¤¨ç®áâ¨ ¢ëâ¥ª ¥â, çâ® rl+1 = rl+2 = 1, ®âªã¤  rl = 0.

2.1. �ª § ¨¥: �«ï ¯ïâ¨ âà¥ã£®«ì¨ª®¢, á®¤¥à¦ é¨å ªà áãî ¨ á¨îî áâ®à®ë, ¯à¨¬¥¨¬ ãâ¢¥à¦-
¤¥¨¥ ® â®¬, çâ® ¯à®â¨¢ ¡®«ìè¥© áâ®à®ë «¥¦¨â ¡®«ìè¨© ã£®«.

2.2. �â¢¥â: ¢áâà¥â¨âáï.
� ¡à®á®ª à¥è¥¨ï: � «®£¨ç® § ¤ ç¥ 1.5 ¤®ª ¦¥¬, çâ® ¯®á«¥¤®¢ â¥«ì®áâì ¯¥à¨®¤¨ç . �¥£ª®
¢¨¤¥âì, çâ® ¯®ï¢«¥¨î ç¥â¢¥àª¨ 9, 6, 2, 4 ¯à¥¤è¥áâ¢ã¥â ç¥â¢¥àª  2, 0, 0, 7.

2.3. �¥è¥¨¥: �®©¤¥¬ ¯® à¥¡à ¬ £à ä ,  ç¨ ï á ¥ª®â®à®© ¢¥àè¨ë A0. � ¦¤ë© à § ¡ã¤¥¬ ¯¥à¥-
å®¤¨âì ¢ ¢¥àè¨ã, ¢ ª®â®à®© ¬ë ¥é¥ ¥ ¯®¡ë¢ «¨, ¥á«¨ íâ® ¢®§¬®¦®. � áá¬®âà¨¬ ¬®¬¥â, ª®£¤ 
¬ë ¯à®è«¨ ¯ãáâì A0A1 . . . An ¨ ã¦¥ ¥¢®§¬®¦® ¯à®©â¨ ¢ ®¢ãî ¢¥àè¨ã íâ® ã¦¥ ¥¢®§¬®¦®.
�â® ®§ ç ¥â, çâ® k à¥¡¥à ¢¥¤ãâ ¨§ ¢¥àè¨ë An ¢ ¢¥àè¨ë ¨§ ¬®¦¥áâ¢  A0, A1, . . . , An−1. �®§ì-
¬¥¬ Ai, á®¥¤¨¥ãî á An, ¤«ï ª®â®à®© ®¬¥à i  ¨¬¥ìè¨©. �®£¤  i ≤ n−k, ¨ An−kAn−k+1 . . . An

| ¨áª®¬ë© æ¨ª«.

2.4. � ¡à®á®ª à¥è¥¨ï: �®¥¤¨¨¬ ¯ àë ¢¥àè¨, ¬¥¦¤ã ª®â®àë¬¨ k − 1 ¡ãá¨. �â® "£à ä § ¯à¥â®¢":
¤¢¥ ªà áë¥ ¢¥àè¨ë ¥ ¬®£ãâ ¡ëâì á®¥¤¨¥ë à¥¡à®¬. �ãáâì d =���(n, k). �®£¤  £à ä à á¯ -
¤ ¥âáï   d æ¨ª«®¢ ¤«¨ë n/d. � ª ¦¤®¬ æ¨ª«¥ ¬®¦¥â ¡ëâì ¥ ¡®«¥¥ ¯®«®¢¨ë ªà áëå ¢¥àè¨,
¨ [n/2d] ªà áëå ¢¥àè¨ ¯®ªà á¨âì ¬®¦®.
�â¢¥â: d[n/2d].


